We perform a N f = 2 + 1 lattice QCD simulation to determine the quark spin fractions of hadrons using the Feynman-Hellmann theorem. By introducing an external spin operator to the fermion action, the matrix elements relevant for quark spin fractions are extracted from the linear response of the hadron energies. Simulations indicate that the Feynman-Hellmann method offers statistical precision that is comparable to the standard three-point function approach, with the added benefit that it is less susceptible to excited state contamination. This suggests that the Feynman-Hellmann technique offers a promising alternative for calculations of quark line disconnected contributions to hadronic matrix elements. At the SU(3)-flavour symmetry point, we find that the connected quark spin fractions are universally in the range 55-70% for vector mesons and octet and decuplet baryons. There is an indication that the amount of spin suppression is quite sensitive to the strength of SU (3) breaking.
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I. INTRODUCTION
The decomposition of the nucleon spin presents a fascinating challenge for the theoretical understanding of nonperturbative QCD. While the simplest quark model has all of the nucleon spin attributed to the spin of its quark constituents, the latest experimental measurements suggest that only about one third of the nucleon spin comes from the spin of the quarks [1] . This has motivated an extensive theoretical effort to understand the QCD origins of this quark spin suppression. We refer the reader to the comprehensive reviews of Refs. [2] [3] [4] [5] .
Lattice QCD provides a systematically improvable technique to study nonperturbative features of QCD, and hence offers significant potential to give valuable insight into the spin decomposition of the nucleon. Recent results have been published in [6] [7] [8] [9] -also see the lattice review [10] . Nevertheless, there are still challenges in the lattice formulation, particularly those associated with the simulation of so-called "disconnected" quantities. Disconnected quantities refer to those where the external probe couples to a hadron correlator only through the underlying gauge field configuration. Standard three-point function techniques require the stochastic estimation of these quark loop contributions and, while progress has * Electronic address: alexander.chambers@adelaide.edu.au been made, e.g. [11, 12] , it has proven to be notoriously difficult to extract a non-zero signal.
In the present work we explore an alternative technique for the extraction of hadronic spin matrix elements in lattice QCD. In particular, we utilise the FeynmanHellmann (FH) theorem applied to the lattice regularisation framework. We consider the energy shifts of hadrons in the presence of a uniform weak external field which couples directly to the quark spin. This is similar to an idea proposed in [13] . By the FH theorem, the leading linear response of the energy can be identified with the corresponding spin matrix element of interest. A first exploration of this method was performed in [14] , and later in [15] , for the gluon energy-momentum tensor. A full simulation would require the generation of new gauge ensembles which modify the fermion action of the sea quarks, incorporating the external field. Here we establish the method by coupling the field to the connected quark fields and benchmark our results against standard three-point function techniques.
There are some key advantages of the FeynmanHellmann method. Importantly, there has been plenty of debate surrounding the difficulty in controlling excited state contamination in conventional three-point function calculations of g A [16] [17] [18] [19] [20] [21] . Since the FH method outlined in this paper only requires the extraction of hadron energies from lattice two-point functions, greater control of excited state contamination is possible through the identification of a distinct effective mass plateau. In addition, the quark propagators generated in the presence of the external field can be inserted into any hadronic correlation function and therefore, for a single set of inversions, one can study the spin content of many different hadrons. In contrast, usual three-point function methods require a new sequential propagator for each hadronic state of interest.
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With easy access to a variety of hadronic states, we are able to report first dynamical lattice QCD simulation results for the spin content of vector mesons and decuplet baryons, in addition to the baryon octet. Interestingly we find that at the SU(3)-flavour symmetric point of our simulations the connected quark spin fraction is around 55-70%, irrespective of the hadron in question. This is in line with the general expectation of relativistic corrections to quark model wave functions [22] [23] [24] . We also present results away from the SU(3) symmetric point, where we find SU(3) breaking effects that could lead to significant breakdown of this universality in the lightquark domain [25] .
The outline of the manuscript is as follows: Section II describes the formalism and notation used in this paper, and the strategy for the implementation of the FeynmanHellmann theorem in lattice QCD simulations (a detailed derivation of the theorem is included in Appendix A); the lattice configurations of the present study are reviewed in Section III; the analysis techniques are described in Section IV; and our numerical results for various hadrons are reported in Section V; concluding remarks are summarised in Section VI.
II. FORMALISM
In this section we present the formalism and notation used in this paper with regard to the spin structure of hadrons, and explain the approach of using the FeynmanHellmann theorem to calculate matrix elements. roth moments of the polarised quark distributions,
Our notation is such that these describe generalisations of polarised quark distributions for hadrons of spin J with longitudinal spin polarisation m, as defined by Ref. [26] . In lattice simulations, these can be computed by evaluating matrix elements of the local operator
In the rest frame of the hadron, the forward matrix elements of this operator directly isolate the quark spin contributions,
for a hadron with polarisation m with respect to the zaxis. It is these matrix elements that we wish to determine for a variety of spin-J hadrons, H.
B. The Feynman-Hellmann Method
The Feynman-Hellmann theorem offers an alternative method for calculating matrix elements of a particular operator. In Appendix A we derive the theorem as relevant for lattice calculations. Here we summarise the main points.
Suppose we wish to calculate the matrix element of an operator O with some hadron state |H . Consider modifying the QCD action such that
where λ is a real parameter, and O is a local operator. Then by the Feynman-Hellmann theorem we have that
where E is the energy of the hadron state, and the subscript λ on the correlator indicates that it is evaluated with respect to the modified action. Note when λ = 0, we have
where the matrix element on the right-hand side is now with respect to the unmodified action. If the modification in Eq. (5) is made in the context of a lattice calculation, then one can examine the behaviour of hadron energies as the parameter λ changes, and extract the above matrix element at the point where λ = 0.
Recall the lattice estimate of the expectation value of an operator O over field configurations
where the bracket over O indicates that all quark bilinears in O have been Wick contracted and replaced with quark propagators, and where the field configurations have been generated using the weighting
There are two points at which modifications to the action may be made in this calculation. Firstly, quark propagators in the operator O are calculated by inverting the Dirac operator matrix. This matrix is given by the quark contribution to the QCD action, and so must be modified if we change the quark action. This change is straightforward to apply, only requiring a redefinition of the Dirac operator.
Secondly, we note that the weighting of the gauge fields in Eq. (9) depends on both the quark component of the action in the functional determinant, and the gluon component in the exponential. Hence, any modification we make to the action should be included during the generation of the background gauge fields.
By choosing to neglect either one of these modifications, we are able to individually isolate connected and disconnected contributions to matrix elements. Modifications to the gauge configurations allow access to disconnected quantities, and modifications to the calculation of propagators allow access to connected quantities.
The method above presents several advantages for calculating, in particular, quantities such as the disconnected quark contributions to the proton spin. Such disconnected contributions are included in a simulation during the generation of gauge configurations, and the calculation of the appropriate matrix element is reduced to the calculation of hadron energies for different values of λ, in order to apply Eq. (7).
We will demonstrate the implementation of the Feynman-Hellmann method by calculating the connected quark contributions to the spin of hadrons. This has been investigated previously using standard three-point function methods, results with which we will compare our calculations.
The simulations discussed in Sec. IV and Sec. V make use of the partially quenched case for calculating connected quantities, and we do not generate any modified field configurations in the present work.
III. SIMULATION DETAILS
We use gauge field configurations with 2 + 1 flavours of non-perturbatively O(a)-improved Wilson fermions and a lattice volume of L 3 × T = 32 3 × 64. The lattice spacing a = 0.074(2) fm is set using a number of singlet quantities [27] [28] [29] . The clover action used comprises the tree-level Symanzik improved gluon action together with a stout smeared fermion action, modified (as described in Sec. IV) for the implementation of the Feynman-Hellmann method. We have ensembles with two sets of hopping parameters, (κ l , κ s ) = (0.120900, 120900), (0.121040, 120620), where we work in the isospin-symmetric limit such that κ l = κ u = κ d . Table I gives the masses of various hadrons as realised on these configurations [29] .
As discussed in the next section, the initial investigation of this method is performed at the SU(3) symmetric point (κ l = κ s = 0.120900) where all three quarks have the same mass, corresponding to a pion mass of around 470 MeV. On a subset of 350 configurations we explore the feasibility of the method using up to four different values of λ.
After tuning the method at this point, we then apply it to an ensemble with a lighter pion mass of around 360 MeV. As all of our lattice ensembles are generated with the singlet quark mass m = 1 3 (2m l + m s ) held fixed, this lattice also contains a heavier strange quark. This will allow us to demonstrate the suitability of this method for the study of the quark spin contributions to a variety of hadrons.
Unless otherwise stated, all results quoted in the remainder of this paper are unrenormalised (indicated by a superscript 'latt.'). However in order to compare with existing results in the literature, we use preliminary results for the non-singlet axial current renormalisation constant [30] 
We note that most of the results quoted in the remainder of the paper are either for the total or individual quark spin contributions to a hadron's spin which also requires knowledge of the singlet axial current renormalisation Z s A [11] , which has an anomalous dimension. Since
A by no more than a couple of percent. A similar sized correction maybe be needed to achieve full O(a) improvement [31] . In future work where we intend to also include disconnected contributions, we will implement a proper treatment of the renormalisation. However, for the exploratory work carried out in this paper, we neglect these minor corrections and simply use Z NS A in Eq. (10) when a comparison of renormalised results is made.
IV. ANALYSIS TECHNIQUES
Here we show how the Feynman-Hellmann theorem may be applied to calculate quark axial charges of hadrons, using the proton as an example. We will then show how the determination of these axial charges can be improved through the use of ratios of lattice two-point functions. Finally we will investigate the optimal choice of λ values needed to reliably determine the axial charges at minimal computational cost.
A. Spin Operator & Spin Projection
In our simulations, we modify the QCD action such that
where q denotes a particular quark flavour. Note iγ 5 γ 3 is the Euclidean-space form of the spin operator in the z-direction. By application of the Feynman-Hellmann theorem for a zero-momentum hadron H we have
Comparing with Eq. (3), we see that this slope gives direct access to the quark spin contributions,
For simplicity, we have suppressed the explicit J and m spin indices, as is conventional for a spin-1 2 target. Calculation of ∆q has now been reduced from the calculation of lattice three-point functions to the simpler task of measuring energies from lattice two-point functions.
In our simulations, the modification to the action in Eq. (11) is only made to the Dirac matrix when calculating propagators, hence we only access the quark connected contributions to ∆q, as discussed in Sec. II. Hence on the lattice, we have that
Calculation of proton energies proceeds via normal lattice hadron-spectroscopy techniques. We make use of the standard proton interpolating operator
where only colour indices are shown explicitly; spinor indices are implied by matrix/vector notation. We use the positive parity projection operator (in Euclidean space) to project out the positive parity state. Since the matrix element in Eq. (3) requires the hadron state to have definite spin, we combine the operator in Eq. (16) with spin-projection operators,
Together these operators allow us to project out the m = ± 1 2 positive-parity proton states. Recalling Eq. (11), we note that reversing the spin polarisation of the hadron state is equivalent to reversing the sign of λ. Hence with a single choice of λ we are able to identify the energies of the spin-up proton with positive λ, and those of the spin-down proton with negative λ. In this way, we effectively double our sampled parameters, without increasing the simulation time.
As a first test, we simulate with four values of λ = 0.0125, 0.025, 0.0375, 0.05 at the SU(3)-flavour symmetric point (κ l = κ s = 0.120900). Fig. 1 shows results for the ground state proton energy as a function of λ for both spin-up (positive λ) and down (negative λ) states. In the two datasets, the λ term in Eq. (11) has been added to the up quark and down quark separately. We fit to a Taylor expansion in the parameter λ,
retaining only up to quadratic terms in this case. We see that the slopes of the energy as a function of λ for the two flavours of quark have opposite signs, indicating the expected result that the up quark has a positive spin contribution, and the down quark a negative contribution. We also note the presence of quadratic and higher order terms in λ at larger λ. These are not presently of interest, as only the linear behaviour at λ = 0 is required to apply Eq. (14) . Using the linear parameter from the fit in Eq. (18), we have for the (unrenormalised) connected quark spin contributions in the proton, ∆u latt.
∆d latt.
conn. = −0.27 (11) .
The errors here come from a bootstrap analysis of the proton correlators. Noting the form of the interpolating operator in Eq. (15), specifically the quark content, we may interchange up and down quarks above to obtain symmetric results for the proton's isospin partner, the neutron. Henceforth we will not distinguish between individual members of isospin multiplets when quoting results (all calculations are performed in the isospin symmetric limit). Specific quark flavours can be deduced from the context.
B. Correlator Ratios
By taking advantage of the correlation between results at different λ using the same statistical ensemble, we may dramatically improve the previous results. We can write the energy of a general hadron in terms of an energy shift ∆E(λ) as
where E 0 = M is the mass of the hadron. Then Eq. (14) becomes
Hence we only need to calculate energy shifts with respect to λ in order to make use of the Feynman-Hellmann theorem. These energy shifts can be determined accurately from ratios of two-point functions.
For large times t we expect that a lattice two-point function has the asymptotic form
Considering the ratio of two such correlation functions, one calculated with λ = 0 and the other at λ = 0, we have
The exponential dependence of the above ratio of correlators contains the difference in energies between the undisturbed energy and the energy at some λ. Using this quantity to measure energy shifts allows us to make use of correlations between calculations with different values of λ. Since each calculation is performed using the same set of underlying gauge configurations, we expect fluctuations in the correlators to largely cancel, leaving a much cleaner signal.
Returning to the example of the last section, the upper plot in Fig. 2 shows nucleon effective mass plots for different values of λ on the up quark, and the fit-range used for each. The lower plot displays the effective masses for the energy shifts obtained from the ratio of correlators in Eq. (24) . We note that the energy shifts are much clearer using the new procedure, and we are able to fit at earlier times, possibly due to the cancelling of excited states. Fig. 3 shows the resulting nucleon energy shifts as a function of λ. We observe that the relative errors between different points are now much smaller, and we are able to much more tightly constrain the quadratic fit as compared to Fig. 1 . We are also able to fix the λ = 0 point to zero, since there is no energy shift for 
conn. = −0.313 (14) .
These results are consistent with those in Eq. (19) and Eq. (20) , and our uncertainties have been significantly reduced. Note that if we instead extract the linear parameter from a fit including also a cubic term in Eq. (18), we find no change within the quoted statistical error, suggesting that retaining terms up to quadratic order in λ is sufficient. For comparison we have results calculated with a threepoint function method [32] using 330 configurations from the same larger ensemble of 1500 configurations from which the 350 used in this work were sourced. The threepoint functions method gives for the quark axial charges, ∆u latt.
where we see comparable precision with our results in Eq. (25) and Eq. (26), but obvious tension with the result for the up quark. This may be due to the fact that the Feynman-Hellmann method has a greater control of excited state contamination than the fixed-sink three-point method with a single source-sink smearing.
C. Optimisation
The spin matrix elements studied here have utilised numerous values of the background field strength λ in order to accurately determine the derivative in the zero-field limit. As each value of the background field parameter requires the computation of a new set of propagators, we explore how one could best optimise the signal strength for a minimal set of inversions. This optimisation is particularly necessary in the context of extending this work to disconnected operators, where new additional simulations are required for each value of the field strength. We would like to realise a minimum of two different field strengths (with spin-up/down projections), and restrict ourselves to a fixed-intercept quadratic fit in λ. Quadratic terms do not affect the linear terms that we are interested in, because these terms shift the energies equally on either side of the λ = 0 point. Realising a minimum of two field strengths (four values of λ, after spin-up/down projection) allows us to be confident in uncertainties calculated for the two-parameter fixedintercept quadratic fit.
We consider fitting quadratically to subsets of our existing results at the SU(3)-flavour symmetric point (κ l = κ s = 0.120900), realising only two of the four values of λ at a time (four total data points after spin projection). Table II shows results for the quark axial charges calculated using these subsets. The calculated axial charges remain consistent within errors with each different fit, however there does seem to be a systematic shift in ∆u as we move to higher λ. Also, the statistical errors in the energy shifts increase as λ increases. Importantly, we note that the results obtained from a quadratic fit to the smallest two values of λ (in the top row of Table II) agree within errors with results obtained from a fit to the entire data set in Eq. (25) and Eq. (26), and with comparable statistical error. For these reasons, we restrict ourselves to realising only the two smallest λ when considering our second ensemble at smaller pion mass, as this appears to give sufficient accuracy and precision.
Also, we note that using only two values of the background field strength brings the total number of matrix inversions required for a computation of the axial charge of the proton in line with the standard three-point function method. With two values of λ, three colours and four spinor indices, we must calculate 36 inversions for every operator that we wish to investigate. For a three-point function calculation, three colours, four spinor indices and three quark propagators also lead to 36 inversions for each hadron that we consider. If the aim is to compute the forward proton matrix element of the axial operator, our results indicate that the Feynman-Hellmann method can achieve comparable statistical precision to the threepoint function approach, at fixed computational cost.
V. RESULTS
Here we summarise connected quark spin contributions obtained using correlator ratio methods for the octet and decuplet baryons, and vector mesons. All results quoted are from quadratic fits in λ. Calculations at the SU(3) symmetric point make use of the full dataset of four values of λ. Simulations carried out away from the SU(3)-flavour symmetric point realise two values of the background field strength parameter, λ = 0.0125, 0.025, as motivated by the discussion in Sec. IV C. For all analyses we make use of correlator ratios as discussed in Sec. IV B.
A. Octet Baryons (J =
1 2
)
Using the preliminary renormalisation in Eq. (10), we conclude our discussion of the proton in Sec. IV by quoting renormalised values for g A at our two simulated pion masses,
which are in good agreement with results in the literature, [16] [17] [18] [19] [20] [21] (or [33] for a recent review). For the remaining octet baryons (excluding the Λ) we re-use the form of the interpolating operator for the proton in Eq. (15),
substituting light and strange quarks to access the Σ and Ξ states (in the isospin-symmetric limit). For example for the Σ + we use the operator
In addition, we use the spin and parity-projection operators given in Eq. (16) and Eq. (17) . The calculation proceeds as described in Sec. IV, and Table III shows results for the octet (details of the Λ calculation are discussed later). q 1 and q 2 in the table refer to the quark flavours as they appear in the appropriate form of the interpolating operator in Eq. (31). As we are working in the isospin-symmetric limit, the results quoted can be applied to all members of each isospin multiplet, with appropriate flavour re-labelling. So for instance we have for the Σ + (quark content uus) that ∆q 1 = ∆u and ∆q 2 = ∆s, whereas for the Ξ 0 (quark content uss) ∆q 1 = ∆s, ∆q 2 = ∆u.
Away from the SU(3) symmetric point (at the lighter pion mass) we see evidence for SU(3)-flavour-breaking effects in the quark spin contributions to the baryon octet. As we discussed in Sec. III, the singlet quark mass is the same for both ensembles, so the light quarks are lighter and the strange quark heavier on the second ensemble. We see ∆u and ∆d decreasing for the nucleon, whereas ∆u (∆d) decreases and ∆s increases for the Ξ 0(−) . By comparing the individual quark flavour results of the octet baryons, we can gain an insight into the environmental sensitivity of the quark axial charges. As we move from the N to Σ state with the heavier strange quark for example, we see the light quark contribution decreasing.
For the Λ baryon we use the interpolating operator
Note that when calculating two-point functions for the Λ, we do not calculate separate propagators for the up and down quarks. Hence the spin-field term in Eq. (11) is added to both light-quarks at once, and so in Table III, ∆q 1 = ∆u + ∆d and ∆q 2 = ∆s. Fig. 4 shows results for the energy shift of the Λ baryon on the κ l = 0.121040, κ s = 0.120620 ensemble for two values of λ = 0.0125, 0.025. The strong, highly constrained positive slope for the strange quark axial charge is consistent with the common expectation that the heavier strange quark carries the dominant spin fraction. Conversely, the small negative light quark contribution is more weakly constrained, subject predominantly only to quadratic effects.
In order to make a comparison with existing results in the literature, we make use of the preliminary results for Z A given in Eq. (10) . For the Λ baryon at the lighter pion mass of around 360 MeV, we have for light and strange connected contributions, ∆u conn. = ∆d conn. = −0.043 (14) (34) ∆s conn. = 0.683 (18) . Very few other lattice calculations of these quantities have been performed, the only example being in [34] from a chiral extrapolation of quenched calculations at pion masses of around 600 MeV and upwards,
which are in good agreement.
B. Decuplet Baryons (J =
3 2
)
For the decuplet baryons, we make use of the interpolating operator
, where we define γ ± (in Euclidean space) as
Analagously to the case of the octet baryons, appropriate quark flavours are substituted into Eq. (38) to access all decuplet states. We again make use of the parity and spin-projection operators in Eq. (16) and Eq. (17). However we must take care when analysing the m = ± 1 2
states. Using the γ ± matrices, we create diquarks with J = 1 and m = ±1. The Γ ± operator projects out the spin of the single quark to m = ± 1 2 as before. For the m = ± 3 2 baryon states, there is no problem combining the diquark and single quark, since However, when we create the m = ± 
In principle, it is possible to project onto definite J = 3 2 , 1 2 states (see [35] ). However, we note that the J = 1 2 , ∆(1750) state has a higher mass than the J = 3 2 , ∆(1232) state, and so we expect the ∆(1232) to saturate the ground state at large Euclidean time. Although we may expect to see slightly more excited-state contamination than in the m = ± 3 2 cases. Fig. 5 shows results for the energy shift of the ∆ baryon with λ. Only results for the up quark are shown, since the spin-contribution for the down quark differs by a factor of a half in the isospin-symmetric limit. In contrast to the nucleon, all quarks in the ∆ have positive contributions. Table IV summarises results for the decuplet baryons. Results at the heavier pion mass for the m = ± 1 2 states are unavailable, as the code to calculate these was not implemented at the time of those initial runs. Note that the distinction between the two different quark flavour spin contributions is a result of the form of the interpolating operator. So for example, the overall strange connected contribution to the Ω baryon, ∆s Similarly to the results for the octet baryons in Table III, we see the effect of the changing quark masses on the axial charges. We observe the same pattern of 
Comparing results for the m = ± 
which compares well to results from [36] at a pion mass of 297(5) MeV, For the vector mesons, we make use of the interpolating operator
where again appropriate quark flavours are substituted to access the different meson states. Fig. 6 shows results for the K * meson. We see that both quark flavours have positive contributions, and observe the slightly larger contribution from the strange quark. Table V summarises results for the vector mesons.
We find relatively little change in the quark axial charges in the ρ at the different quark masses (consistent with results reported in [37] ). We do see a similar environmental sensitivity as in the octet and decuplet away from the SU (3) strange spin contribution to the K * is greater than that for the φ due to the presence of the light quark in the K * . For the ρ meson at the lighter pion mass of around 360 MeV, we have for the light spin contribution, using the preliminary renormalisation in Eq. (10) 
noting that the results quoted in Table V 
where we see broad agreement with our results.
D. Summary
In order to compare the relative contributions of quarks to the spin of the different hadrons, we define the quark spin fraction for a spin-J hadron to be, Fig. 7 shows ∆Σ J conn. at different pion masses for all the baryons and mesons we have examined, renormalised using Eq. (10) . Noting that the singlet quark mass is constant along our trajectory, we see that hadrons with dominant strange quark contributions have been shifted up with the increased strange mass, and hadrons with dominant light quark contributions have shifted down. We also see that the quark spin fraction for all the baryons studied here is in the range 55-70%.
VI. CONCLUDING REMARKS
We have demonstrated that the Feynman-Hellmann method is an effective approach to calculating hadron matrix elements. We have demonstrated this through the determination of quark spin contributions to hadrons. With the statistical improvements gained by examining hadron energy shifts, our calculations are able to achieve comparable precision to standard three-point function methods, with an equivalent computational investment. It is also possible that the Feynman-Hellmann method is less susceptible to excited-state contamination than these methods; a current point of debate within the lattice community.
We have also shown how the Feynman-Hellmann method may be most efficiently applied. In particular, it appears that only a couple of different background field strengths need be realised in order to make an accurate and precise calculation. Weaker field strengths give more tightly constrained fit parameters, and introduce less noise to correlation functions.
Our findings indicate that the possible application of the Feynman-Hellmann method to the calculation of such quantities as the disconnected quark spin contributions of hadrons is extremely promising. These simulations will require generating separate sets of gauge field configurations, and a significant investment of computational time. However the possibility of accessing such matrix elements so simply and with minimal excited state contamination is extremely promising.
as the nucleon. For the Fourier transformed two-point function we have 
where the right-hand side includes a sum over the excited states created by the chosen operators, and |Ω denotes the vacuum. This expression may be obtained using transfer matrix methods. At large Euclidean times, the summation is dominated by the ground state contribution, 
× Ω|χ(0)|n, k n, k|O(0)|m, k m, k|χ(0)|Ω .
Now consider the large t behaviour of the right-hand side of this equation. When we expand the sums over n and m, the dominant terms at large t will be those with the lowest values of E n and E m , when n = m = 0. However, note that when E n = E m , the right-hand side is ill-defined. So we first take the limit as E m → E n using l'Hôpital's rule. Dropping explicit momentum dependence momentarily, we have that 
−→ te
where we denote the ground state of our hadron as |H, k and its energy to be E H
The Feynman-Hellmann Theorem
We now proceed with a proof of the Feynman-Hellmann theorem, expanding upon a proof presented in [14] . Suppose that we modify the action S of our theory in some way, such that it now depends on some parameter λ, S → S(λ) .
Consider the two-point correlation function discussed in the previous section. In the path integral formalism, this correlator is given by χ( x, t)χ(0) λ = 1 Z(λ) DADψDψ χ( x, t)χ(0)e −S(λ) ,
where the subscript λ indicates that the correlator is to be evaluated with respect to the modified action, and we note that the partition function is now also a function of λ, Z(λ) = DADψDψ e −S(λ) .
